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Abstract 

This article considers equations of Kolmogorov Petrovskii Piscunov type in one space dimension, 
with stochastic perturbation: 

f dtu = {^Uxx + u{l - u)) dt + eudtC 

\ Uo{x) = l(_oo,-^log2)U) + p“^“l[-^log2.+oo)U) 

where the stochastic differential is taken in the sense of Ito and C is a Gaussian random field 

satisfying E [i^] = 0 and E [^s, x)({t, y)] = (s A t)r{x — y). Two situations are considered: firstly, ^ 

is simply a standard Wiener process (i.e. P = 1): secondly, P € with \T{z)\dz < +oo. 

The results are as follows: in the first situation (standard Wiener process: i.e. r(a;) = 1), 

2 

there is a non-degenerate travelling wave front if and only if T < b with asymptotic wave speed 
max — ^), ;^(1 — y) + noise slows the wave speed. If the stochastic integral is 

taken instead in the sense of Stratonovich, then the asymptotic wave speed is the classical McKean 
wave speed and does not depend on e. 

In the second situation (noise with integrable spatial covariance, stochastic integral taken in the 
sense of Ito), a travelling front can be defined for all e > 0. Its average asymptotic speed does not 
depend on e and is the classical wave speed of the unperturbed KPP equation. 
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1 Introduction 


This article considers the Kolmogorov Petrovskii Piscunov equation with stochastic perturbation: 

f dtu = {!^Uxx + u{l - u)) dt + eudtC 

I no(x) = l(_oo,-ilog2)(^) + K'^"l[-Xlog2,+oo)(®) 

where C is a Gaussian random field, adapted to a filtered probability space satisfying: 

Eq [C] = 0, Eq [C(s, x)C{t, y)] = (sA t)T{x - y) 

where P € Two situations are considered; firstly, T = 1 and secondly f^d \^{z)\dz < +oo. 

Background When e = 0, the equation under discussion is the travelling wave of the Kolmogorov 
Petrovskii Piskunov equation 


Ut = -Uxx + U{1 - U) 

introduced in 1937 by both Fisher [3] and Kolmogorov, Petrovskii and Piscunov [4], It has received 
substantial attention since then; a probabilistic interpretation of the solution in terms of branching 
Brownian motion was given by McKean [6] (1975) and [7] (1976). Refinements and more precise descrip¬ 
tion of the asymptotics were given by Bramson [1](1978) and developed further by Bramson [2] (1983). 
For the KPP equation (when e = 0 in Equation (1)), there is a one parameter family : 7 > \/^ 
of travelling front solutions F^{x — jt) where F{x) ~ for large x and 7 = ^ v < \ -■ For 


initial condition uq such that uq{x) < 1 for x < 0 and uo(x) < exp convergence to 

the travelling front with minimal speed 70 = \/^, in the sense that 

sup ( lim lu(t,x} - F^^(x - g(t))lj = 0 
xeR \t^+oo J 

where g{t) is the marker, defined by: u{t,g{t)) = and ^ 70 ( 0 ) = The marker satisfies: 


1 - 9{t) 

hm —— = 70 . 

t —>^ + CXD t- 


Results The results of this article are stated in the abstract; with F(x) = 1 (so that ^ is simply 
a standard Wiener process, the same Wiener process for each x G M), there is slow-down of the 


travelling front; the asymptotic speed is max 




and the front breaks 


down (because the solution tends to zero) if e > y/2. If the stochastic term is taken in the sense of 
Stratonovich, however, there is no slow-down and the average wave speed is the same for all e > 0. 
This could naively suggest that the slow-down is simply a consequence of taking a wrong approach to 
the way that the noice is introduced and that a Stratonovich integral is correct. 

This naive suggestion is, however, flatly contradicted by the results for F satisfying f |r(x)|dx < 
-|-oo, with the stochastic integral taken in the sense of Ito. In this setting, the average speed of the 
travelling front does not change with e. 
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The results for the speed of the travelling front, when T = 1, are already known from the work 
of 0ksendal, Vage and Zhao (2001) [10], although the treatment presented here is different and uses 
a different definition of the wave marker, which leads to slightly sharper results. The outstanding 
question of interest dealt with in this article, therefore, is how a decay in the spatial covariance function 
for the noise affects the results. The answer is that the spatial variation in the noise introduces a 
drift which precisely compensates the 0ksendal-Vage-Zhao decay (although I don’t have any intuitive 
explanation for why they should exactly cancel), so that the asymptotic speed of the travelling front 
is the same as that for the unperturbed equation, when the stochastic integral is taken in the sense of 
ltd. 


Motivation My personal motivation for studying this came from the results of Mueller, Mytnik, 
Quastel [ 8 ] where the equation 

{ ut = luxx + u{l -u) + 

I u(0,x) = l(-oo,0] 

was considered, where ^ is space time white noise and the stochastic integral is taken in the sense of 
Walsh [9]. The ‘noise’ term in Mueller et. al. is entirely different from that under consideration here. 
The techniques of proof are entirely different, since with space/time white noise, spatial derivatives 
do not exist (I make strong use of them in this article) and the Wiener sheet does not have sufficient 
regularity to allow for an ltd formula (I make heavy use of ltd’s formula here). The work of Mueller, 
Mytnik and Quastel requires entirely different and much more sophisticated mathematical techniques 
for proving the results and the results are entirely different. 

For the noise in Mueller et. ah, the slow-down is greater than that of 0ksendal-Vage-Zhao; the 
slow-down follows the Derrida-Brunet conjecture. That is, if 70 denotes the speed of the unperturbed 
wave front and 7 ^ the speed of the wave front with perturbation parameter e, then 


7o - 7e ~ 


4 (log 7 )^ 


as e — 0 . 

The ‘noise’ term differs in two respects: firstly, it has v}^'^ instead of u. This is already a major 
difference; parabolic SPDEs with noise are known to have markedly different properties than 

SPDEs with noise. Also, the noise is a space/time white noise instead of having smooth space 
correlation. The behaviour of SPDEs of this type, whose initial conditions have compact support is 
markedly different; it is well known that the solutions themselves have compact support for all time. 
Indeed, the same carries over when there is a right limit for the support of a bounded initial condition 
and the definition of the marker in [ 8 ] is the right end point of the support. 

This article shows that the slow-down is heavily dependent on the structure of the noise; this 
article, taken together with [ 8 ], illustrates that the features of the noise responsible for the slow-down 
are not well understood at all; this is an important outstanding problem. This article makes no 
attempt to analyse why the noise in these three situations (the two presented here and the situation 
in [ 8 ]) give such markedly different results. This question is left for further study. 
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2 Standard Wiener Process Noise 


In this section, Equation (1) is considered where the noise is simply a standard Wiener process; E = 1. 
This equation has been considered by 0ksendal et. al. [10]. In that paper, a marker of the form 
g{t) = is considered. The correct value of 7 is obtained, although the description of the wave front 
is not sharp. The approach here defines the marker differently and presents an approach which gives a 
sharper description of the travelling wave and is hopefully more transparent. Let W denote a standard 
Wiener process. Let u and v solve: 


dtu = [^Uxx + — u)) dt + eudW 

dv = v{l — v)dt + evdW 
, ^( 0 ) = 1 

Throughout, the notation dt will denote a differential with respect to the variable denoted t when there 
are several variables; d denotes the differential when there is no spatial dependence. The stochastic 
integral is taken in the sense of Ito. 

Lemma 2.1. Consider v from (3). Provided 0 < e < y/2, V := limt_).+oo IE[u(t)] = 1 — ^ o^'^d v has a 
non-trivial stationary distribution where the Laplace functional of the limiting distribution is given by: 


E 






If then limt_>.+oo r’(t) = 0 almost surely. 


Sketch of Proof Only a sketch is given, since it is routine and the result is well known. For the Ito 
formulation, standard Ito calculus gives: 




E 




= AE 


e^<^^v{t) 


- AE 




2 


Let M(t, A) = E , then M satisfies: 


-M(t, A) = A) - A^M(t, A) + —^ 




M{t,X). 


Let M(A) = limi_).+oo M(t, A), then M(A) satisfies: 




Let /(A) = M'(A), then / satisfies: 


^log/(A) = ^^ 


giving 
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/(A) = /(O) 


2/^2 

2-e^Xl ^ ^ e 


2 ■ 


Using M(0) = 1 and V := limt^+oo IE[f (t)] = /(O), it follows that: 


M(A) = 1 + 


V 


1-f \ (l-i^)(2AU-i 


- 1 


Either ?;(t) —>• 0 in law (in which case lim;^^_ooE = 1), or else lim>,_^_ooIE = 0, from which 
it follows that for e < \/2, U = 1 — ^ and the result follows. □ 


In this section, with the noise taken as a standard Wiener process, heavy use will be made of the 


normalised solution, defined as u 

‘ V ' 


Lemma 2.2. Let {u,v) satisfy Equation (3). Let u := then u satisfies: 

j Ut = ^Uxx + V{t)u{l - U) 

\ S(0,a:) = 1 iog2)(a;) + h~^''\-jr\og2,+oo)ix) 


(4) 


Proof Straightforward application of Ito’s formula. 


□ 


Lemma 2.3. The funetion u{t,.), defined by Equation (4) is a strictly decreasing function for each 
t > 0. 

Proof Set 6 = — (logu)^;. Then 6 satisfies: 

dt = ^dxx — k99x — vu9 

0(O,a:) = lVl[_^i„g2,+oo)(3^) 

Since the initial condition is non-negative and equal to N for x < 
solutions are strictly positive for all t > 0. 

For the problem (3), the marker is defined as follows: 

Definition 2.4 (a-Marker). Let u satisfy Equation (4). For a G (0,1), the a-marker is defined as the 
random, adapted function that satisfies: 

u{t, g^^\t)) = a Vt > 0. 

Lemma 2.5. For each a G (0,1) the a-marker is well defined. 


(5) 

— ^log2, it is straightforward that 

□ 
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Proof of Lemma 2.5 This follows directly from Lemma 2.3. 


□ 


Note From Equation (4), it follows that 


0 = (t)) + 5 ^“) (t) + v{t)a{l - a) 


( 6 ) 


so that satisfies: 




Uxxit, (t)) + v{t)a{l - a) 


-Ux{t,g(°-){t)) 

Lemma 2.6. Let u satisfy Equation (4) and g'^°^ follow Definition 2.4- Let 9 
satisfies Equation ( 5 ). Then: 

1. limt_>._|_oo =: 5*-“^ exists, in the sense that there is a number G I 

limt^+oo = 5^“^ almost surely. 

2. There is a value 6^^ G M such that 


— (logtt)a; so that 9 
_ U {+00} such that 


lim ( liminf + x) 

X—>- + oo y t—>- + oo 


= lim ( limsup 0 (t, 5 ^“^(t) + x) 

a;-)-+cx) Y t^+00 


= 9 


(a) 

N 


( 7 ) 


almost surely. 


Proof The proof of these two points requires ergodic theorems that are found in Chapter 20 of 
Kallenberg [5]. Let be the solution to: 




;,(T,a)(f \ a{l—a)v(t) _ 

^ uPm 

— v^'^^)dt + ev^'^^dW 

S(^’“)(-r,x) = 1 ( 1 1 i)(x) +ae 

^ ' N ° a' 

-(;T)(-T) = 1 

where VF is a Wiener process started at time —T. 


—Nx-^ 




( 8 ) 


Note From the dehnition, it follows that 


u 


^'^’“^(Lx) = ^{t,a)) VaG( 0 ,l) 


where 


yfT'^’L ^(t, x) := {y : vP"’°'\t,y) = x}. 

Let denote the probability distribution of .)) and let denote any probability 

distribution which is a limit point of (z^^^^)r>o- Existence of such a limit may be established using 
Prohorov’s theorem and the Prohorov metric. Let 
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r ( ■ ■ r \ 3;->-+00 „ . s x^-00 ^ "I 

L = <u : u non-mcreasmg, uyx) —> U, u{x) —>■ 1 > . 

Now let S = M+ U {+00} X £ and let d denote the metric; 

d{{vi,ui),{v2,U2)) = \ (—^ -—^ [ e-\^\{ui{x) - U2{x)ydx 

\l + vi I + V 2 J 2 J_^ 

It is straightforward that (5, d) is compact; any Cauchy sequence of functions u G C clearly has a 
limit and, for the first argument, d was chosen to make M+ U {+00} compact. Now let {V{S, d), p) 
denote the space of probability measures over (S, d) endowed with Prohorov metric p, which is defined 
as follows. Let S denote the Borel sets of S and let 

p{Xi, A2) = inf{Q: > 0 : Ai(j 4 ) < A2(^a) “k 01, A2(^) < Ai(Aq,) + ex \/A G 5 } 

where 


2 I 0 = {('y, «(■)) G IK+X £ : inf d((n, n(.)), (a, 6(.))) < a}. 

(a,bC))eA 

It is a standard result that if a space (S,d) is compact, then the space of probability measures over 
(S,d) endowed with Prohorov metric {V{S,d), p) is compact. It follows that the sequence 
has a converging subsequence with limit un, which is a probability measure over (5, d). 

Having established existence of a limit z^tv, it follows directly from the fact that {v,u{.)) is a Feller 
process that this limit is unique and that p{Pt{{l,ui\f{.)), *£1^ 0 where Pt{x,.) denotes the 

transition semigroup of the Feller process .))t>o- Let 


Sn = Ut>osuppt(Pt((l,nAr(.)),.) 

namely, the closure (under metric d) of the union of the supports of the probability measures 
Pt((l,nAr(.)),.). Let Sn denote the Borel u-algebra of Sn- 


Following Kallenberg [5], page 405 Theorem 20.17, a regular Feller process is either Harris recurrent, 
or uniformly transient. The definition of uniformly transient is given just above the statement of 
Theorem 20.17 in Kallenberg [5]; the processs {v{t),u{t ,.)) is uniformly transient if 


sup Ej; 


lK{{v{t),u{t, .)))dt 


< +00 


VK C Sn compact. 


xGSn L-to 

This clearly does not hold since for any compact K with vn[K) > 0, 

lim — sup Ea; 

t-l>+oo t x£Sn 


lKiiv{s),u{s, .))ds 


= vn{K) > 0. 


It follows that {v{t),u{t ,.)) is Harris recurrent with supporting measure z/jv (the definition is given by 
Equation (6) on page 400 of [5]). Hence, by Theorem 20.12 page 400 of Kallenberg [5], it is strongly 
ergodic. 
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It follows that {v{t),u{t, .))t>o is a Feller process on {S,d) which, by Theorem 20.21 page 409 of 
Kallenberg [5] is positive recurrent with invariant distribution upf and, for any functional F, 

lim j j F{{v{s),u{s,.))ds = ¥.^^[F{{v,u{.))]. (9) 

t^+ao t Jo 

Showing that is well defined in M_|_ U {+oo} To show that is well defined, consider the 
functional: 


F{v, u) = — 


a(l — a)v 


:( 0 ) 


Sx( 0 ) Ux{0) 

The result now follows directly from Equation (9), because from Equation (8), it follows that 


a{l - a)v{t) ^Uxx{t,0) 

UxitjO') Ux(t,0') 


( 10 ) 


Showing that lima,(limt_^_i_oo(—log n(t, x))^;) is well defined Let {v,u) denote the solution 
to Equation (8) with T = 0. Let 6{t,x) = —{logu{t,x))x- It follows from the ergodic theorem that 

1 

lim - / 6{s,x)ds = E„^[6{x)], 
t^+oo t Jo 

where 6{x) (without a t dependence) denotes: 9{x) = —(logu)a;, where (u,tt) ~ vn- 


Let Opj = lima,^+ooIEi,^[6*(x)]. Now consider 6 satisfying 


dvt = v{l — v)dt + evdW 
< 0t = ^9XX- k99x + g9x - vu9 
_ 6»o =-(loguo)x, {v{d),Uo)^VN 

Let B denote a Wiener process, independent of W, with diffusion coefficient k; let (T, (J^t)t>o,P) 

denote the probability space for B and let Ep denote expectataion with respect to P. Then 9 has 
representation: 


where: 


9{t, x) = Ep 


6»(0,Xo,t(x))exp - / v{s)u{s,Xs^t{x))ds 


( 11 ) 


Xs^t{x) = x + {B{t) - B{s)) + {g{t) - g{s)) “ ^ ^ Xr,t{x))dr. 

Let 9* = lima;_>.+oo 0(0, x). It follows directly from the formula (11) that lim 3 ;^+oo sup^ 0(t, x) < 9*. 

Now suppose that the initial condition {vo,u) € suppt(i>'Ar) satisfies: lima;_>.+oo —(log u) 3 ;(a^) = 9* < 
9n where the inequality is strict. It follows that 

lim ( lim - [ 9{s,x)ds\ < 9* < 9p^ 

X —^H-CXD —>^ + 00 t Jq J 









which contradicts the ergodic theorem. It follows that, for {v,u) G suppt(;^ 7 v) and 9 = —(log 2 ) 3 ,, 
hm 3 ;^+oo [0(x)] = 6n while almost surely, limjj^+oo 6 *(x) > 6n- By Baton’s lemma, it now follows 
that 


0Ar = lim Eiyj^[0(x)] > E[ lim 0{x)\ > 9 m 

X—>- + oo X^ + OO 

and hence for {v,u) G suppt(^'Ar), hm 2 ;_>.+oo — (log {t)a;(x) = 9m-, vm almost surely and the result 
follows. □ 


Let u denote the solution to Equation (4) and let 9 = — (logtt)a;. Then Uxx = u{9x — 9'^) and Ux 
Using this, it follows directly from ( 6 ) that satisfies: 

2 2 9{t,gi<^){t)) 

Lemma 2.7. The wave marker satisfies: 


= —u9. 


( 12 ) 


9< 


y/2KV N > 




(13) 


— V K, 


Proof Let u{t,x) satisfy Equation (4) and let g{t) := (the marker with a = ^). Then 

U{t,x) := u{t,g{t) + x) has a Kacs-Eeynman representation: 

U{fix) = Ep fe(0,x + B{t) + ^(t))e/o 

where P is a probability measure under which B is a Brownian motion with diffusion coefficient k. An 
upper bound may be obtained quite easily using the fact that B{t) ~ iV(0, Kt); 


U{t,x) < 


/ oo 

^_ 

1 log2-3:-g(t) v2vr«:t 


1 _ e-^i^+9{-t)+y)-^t 


dy 


Let <1)(^;) = P(Z < z) where Z ~ A^(0,1). Then: 


U{t,x) < 

“K-S 


(14) 


x + \\og2 


'/fit 


+ e 


-Nx+i- 




9{t) 

'/fit 


T '/fitN -\- 


log 2 + X 


'/fit 


By construction, ?7(t, 0) = | and U{t,x) > ^ for x < 0. These provide lower bounds for the right 
hand side of Equation (14). 


• The first term tends to zero if 5 > '/fififi. 
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• The second term tends to zero if y/2KV < g < kN and {kN < 5 } n {<7 > ^ 

It follows that, for the condition U{t,0) = | and U{t,x) > ^ for all x < 0 to hold, it is necessary that 


9< 


y/ 2 l<iV N > ^ 

K.N I AT 

2 + TV — y K 


and Lemma 2.7 follows. 


□ 


Lemma 2.8. 1. Provided 1 > ^ in (3), it follows that For all a, b such that 0 < a < b < 1, 


( lim P 

sup 

\t—^+co 

\0<s<t 


g(-){s)-g^^>{s) 


(b), 


> iV = 0. 


From this, it follows that g^°‘^ = g (the same value) for each a G (0,1) and 
value) for each a G ( 0 , 1 ). 

2. In Equation (12), lima 4 ,o (^l™t-i-+oo(log 0)x(t,=0 almost surely. 

3. g satisfies: 


(15) 

TV — (ihe same 


9 = ^9m + ^ (16) 

^ 9 n 

where v = limt^+oo j /q v{s)ds = limt^+oo IE[?;(t)] = 1 - y- 

Proof 

1. Suppose there exists an a and a b such that a < b {so that > g^^^) and a sequence of 
times tn —^ +00 such that 9^°'\tn) — 9^^\tn) _|_oo. Now recall .) := u{t,g^°‘\t) + .). 

Then limsup 2 ,^_oo (li™sup„^_,_oo x)) <b < 1, while lim„_j.+cxD (t„, 0) = a and, since 

.) is decreasing in x for each t > 0, it follows that 


0 < a < liminf 

a:—>■—00 


( liminf x) ) < b. 

\ n^-\-oo ‘ 


Let £(“T) Qf pair {{u^^’'^\t, .),v{t)) : t > 0) where {u^°‘’'^\v) satisfy: 


^{a,T) ^ g{a).^j{a,T) 

dtv = u(l — v)dt + evdWt 
v{-T) = 1 


-Nx-i 


(note that we are considering {u^°‘’'^'l{t, .),v{t)) : t > 0 ; the solutions from time t = 0 onwards). 
Let T*-®) denote the limit of£*^“’^). Now let = {(tt(“\u) : limt_j.+oo infs>T lim,j,^-cx) a^) < 
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1 — e}. Let (p{s) = lim 3 ;^_ooS^“)(s,x) and note that (f){s) > a. Furthermore, (j)(s) solves 
cj){s) = u(s)(/>(s)(l — 4>{s)) and hence (using i^(s) > a > 0 ) it follows that either (^(s) t 1 as 
s —>■ +00 or v{s) 0. Since this event has probability 0, it follows that = 0 for all 

e > 0 and hence (15) follows. 


From this, it is immediate that takes the same value for each a £ (0,1). 
It now follows directly from the fact that 


= lim (lim inf 0 ( 1 , 5 *^“^ (t) + x) 


X^+OO \ t^ + CXD 


= lim 

x—>-+oo 


lim sup 6{t, (t) + x) 

t —^-|-oo 


that 6^^^ = 6n takes the same value for each a £ ( 0 , 1 ). 

2. Let u solve Equation (4), then 0 solves Equation (5). This is non-negative, non-decreasing and 
bounded from above by N. Eurthermore, 9{t, g^°‘\t)) > 0 (where the inequality is strict), other¬ 
wise 9{t,x) = 0 Vx < 5 ^“^(t) and hence u{t,x) = a Vx < g^°‘\t) and similar contradiction 
is reached as in the previous part. It follows that, for all t > 0, 


lim 9a;{t, g^°-'> (t)) = lim 6 » 3 ;(t, (t) x) = 0 . 

a —>0 X—>--1-00 

It therefore follows that lima^+oo(log 0)a;(t, 5 *'“^ (t)) = 0 for all t > 0. 

3. This now follows directly from the ergodic theorems proved earlier, taking a 0. 


Theorem 2.9. 



and g satisfies: 



Proof Upper bounds were established by Lemma 2.7. Now use: 

_ V k9n 

By considering ^ (y + and finding the minimiser, it follows that 


g > V2 kv. 


□ 


(17) 
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Using the upper bound, it therefore follows that, for N > g = 'J2kv and hence, from (17) that 

for N > .ff, On = 


Now consider N < Since 0^ < N < y it follows that 0^ < and hence that 

_ kOn ^ V ~ 

^ ON 

Let u satisfy Equation (4) and let u*{t ,.) = u{t,g{t) + .) From Equation (5), it follows that 0*{t ,.) := 
9{t,g{t) + .) has a representation 


0*{t,x) = A^E 


-iiog 2 ,+oo)(^ 0 ,t(a;))exp v{s)u*{s,Ys,t{x))ds 


(18) 


where 


Ys^t{x) = x + {g{t) - g{s)) + {B{t) - B{s)) - Yr^t{x))dr. 

Let y = lim infi_>.+oo then 


y>g - kOn > 0 

and hence, from (18) and using the fact that u* has exponential decay in the space variable, 6m = 
lim 3 ;^_i_oo (liminf(^+oo 6*{t, x)) = N, and 'g = ^ ^ as required. The theorem is proved. □ 

3 Noise with Integrable Space Correlation 

Now let C be a Gaussian random held satisfying 

1. E [C] = 0 and 

2. K[C{s,x)C{t,y)] = {s At)T{x — y) where L G (7°°(M) and / |r(z)|(iz <+oo. 

That is, for each x G M, {C(t,x) : t > 0} is a Wiener process with diffusion coefficient r(0). The 
processes are correlated, but the correlation decays sufficiently quickly so that the spatial covariance 
function T is integrable. Let u satisfy 

I dtu = + u {1 - u)) dt + eudtC 

\ u{0,x) = UN,0 ■■= l(_oo,-^log2](a;) + 5e”^''l(-^log2,+oo) 

The symbol dt denotes a differential with respect to the ‘time’ variable t. The aim of this section 
is to study travelling wave front properties of Equation (19); the speed and the exponential decay. 
It turns out that, contrary to situation of the previous section where T = 1, the asymptotic speed 
and asymptotic exponential decay of the travelling front do not depend on e. The proofs of these 
results given here require integrability of T; also T must be at least four times differentiable, since 
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heavy use is made of the existence of the second derivatives of the solution in the proofs. The results 
may hold when is replaced by ‘white noise’, that is r(z) = So(z) (Dirac delta function) and the 
stochastic integral taken in the sense of Walsh [9] , but the analysis has not been carried out here and 
substantially different proofs would be needed. This article gives no information on the white-noise 
problem. 

The first task is to define a suitable wave marker. Since solutions u to Equation (19) do not have the 
property that Ux{t,x) < 0 for all a: G R, the definition from Section 2 is difficult to use. A different, 
deterministic definition of a marker is therefore used for this problem. 

Definition 3.1 (Marker). Let u solve Equation (19) and let a* = sup^, (liminft_).+c)o IE [n(t, x)]). Pro¬ 
vided a* > 0, then for a G (0, a*), the a-marker g^°‘\t) is defined as the (deterministic) function such 
that E [u{t, (t))] = a Vt > 0. If a* = 0 then the marker is not defined. 

It is necessary to show that this wave marker is well defined. This will follow from Corollary 3.6. 


The speed of the candidate wave marker and the rate of exponential decay beyond the wave marker 
is given by the following theorem, which shows that the results are exactly the same as those for the 
deterministic KPP equation (i.e. with e = 0). 


Theorem 3.2. Let u solve Equation (19) and let g^°‘'i be defined as in Definition 3.1. Assume that 
a* > 0. Then for all a G (0, a*), 


g^°^ 7 


Furthermore, for all a G (0, a*), 



/ 5 r 

lim ( lim — t^E log u(t, g^°‘\t) x) 
x-)-|-oo \t^+oo ox L 



Most of the remainder of the section is devoted to establishing results which enable Theorem 3.2 to be 
proved. First, though. Equation (19) defines a Feller process. It is useful to establish the framework 
for this and indicate the properties that will be used. 


The Solution as a Feller Process Let satisfy: 

f = (f dt + eu^'^^dtC 

\ u(^)(0,.) = Uq 


( 20 ) 


where 7 G R and uq is an initial condition, non-negative and uniformly bounded from above. Let 

{ ^M = {u : R —)■ R+ Borel measurable : sup^, u{x) < M} 

C. = Um^m- 


(21) 
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Let d be the metric over R defined by: 


r ^ dt 


1 1 



(1 + 2/) (l + a:) 


d{x,y) = 


Let F : R_|_ U {+ 00 } —[0,1] be defined by: F{y) = 1 — e ^^ ioi A ^ ^(R) let 


= {x e R : inf dix, y) < a} 

yGA 

and let D be the Prokhorov-style metric over £ defined by: 


rt 2 ) = inf I a : - f e ^^^F{ui{x))dx < a — f e ^^^F{u 2 {x))dx ( 22 ) 

and ^ [ e~'^^'^F{u 2 {x))dx < a+ \ [ e~^^^F{ui{x))dx V 74 g^(R) 1 . 

^ Ja 2 J 

Let £ denote the completion of £ under metric D. Then (£, D) is compact, by the extension of 
Prokhorov’s theorem to finite measures. The space (R+ U {+ 00 }, d) is clearly compact, using the 
metric d. For a function u ^ C, the measure i^u over .S(R+ U {+ 00 }) defined by 

i'u(A) :=^ [ e~^'^^F{u{x))dx 

2 Ja 

is clearly of finite variation (the variation is bounded above by 1). It follows that for any sequence 
{u^"'^)n>i of elements in £, there is a convergent subsequence and limit u, in the sense 

that the measures (z^„( 7 ij))j>i converge to a limit such that I'iA) = ^ J^e~^^^G(x)dx. Let u{x) = 

iog(i-G(x) ’ = 0. 

Now let V{C, D) denote the set of probability distributions over (£, D). Then, since (£, D) is compact, 
it follows that {V{C, D), p) is compact, by Prokhorov’s theorem, where p is the Prokhorov metric, 
defined by: 


J p(Ai, A2) — inf{Q! > 0 : Ai(j 4 ) < A2(^q) + cr, A2(^) < Ai(^q,) + ol A E ^(£)} 

Aq = {tt e £ : inffog^ F{u^ b) < a}. 

Let denote the probability distribution of .) where is the solution of (19). It follows 

that {p^^^)t>o has a convergent subsequence and limit p which is a probability measure over {C,d). 
The process defined by (19) is Feller. Let {Pt)t>o denote the transition semigroup. Having 
established existence of a limit p, it follows that, for a given initial condition uq, this limit is unique 
and that limt_).+oo p{Pt{uQ, ■), pn) = 0. It now follows, in the same way as the previous section, using 
Theorems 20.17 from Kallenberg [5] that ■))t>o is Harris recurrent with supporting measure p 

and hence (Theorem 20.12 page 400 of Kallenberg [5]) it is strongly ergodic. 

Lemma 3.3. Consider (20) with non-negative initial conditions. For any fixed 7 G R, there is at 
most one stationary distribution for (20) satisfying 
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inf 


lim 

t—^-|-CXD 



> 0. 


This stationary distribution is the same for aZZ 7 £ R and is spatially invariant. 


Proof Consider two solutions of (20), with different strictly positive initial conditions. Let R = 
then a straightforward application of Ito’s formula gives: 

—R = ^Rxx + ( 7 + ^(logU2)x) Rx + U2Ril - R). (23) 

For any local minimum x* satisfying i?(t,x*) < 1, ■§iR{t,x)\^_^ > 0 and for any local maximum x* 
satisfying R{t,x*) > 1, ^i?(t, < 1. Suppose ui and U 2 satisfy the hypotheses of the lemma. 

As t —>■ +00, let {u 2 ,R) be chosen according to any stationary distribution for the problem, where 
the evolution of R is defined by (23). Then R will have no local maxima greater than 1 and no local 
minima less than 1. Furthermore, if lima;_,.+oo ii(x) = c > 1, then it follows from (23) that c = +00, 
contradicting the hypotheses of the lemma; similarly, if lim 3 ;^_oo R{x) = c > 1 then c = +00, again a 
contradiction. Similarly, lim^^^+oo R{x) = 0 or lima;_,._oo R{x) = 0 can be excluded by the hypotheses 
of the lemma. It therefore follows that R 

The remaining parts of the lemma follow easily: firstly, with initial condition uq = c > 0 (equal 
to a strictly positive constant), it is clear that 1 ) the invariant measure is spatially invariant and 2 ) 
having noted that it is spatially invariant, it is the same for all 7 G R, since this is a shift operator. 
In other words, let x) = 9tC(L ^ + 7 t). That is, the dt means the differential with respect to 

the first variable. Then {t, x) = {t, x + jt) where {t, x) satisfies: 

+ 'yu^x"^ + dt + 

Since ^ C) tbe result follows. □ 


The following lemma is the most important result for establishing that the ‘slow-down’ from the ltd 
noise is exactly matched by the ‘speed-up’ from the spatial variance in the noise. 

Lemma 3.4. Let satisfy (20) with initial condition 

UO = l(-oo,-ilog2](^) +e”'^''l(-ilog2,+oo)(*)- (24) 

Let = — logu^"^) and = v^\ //limt^+oo E[u('’')(t, x)] = 0 for all x G R, then the limiting log 
Laplace functional of satisfies: 


m ■■= 


lim log E 
>- + 00 




t{4>A) + 


2k 


(t){x)(t){y)T{x - y)dydx 


where {f,g) := 


IZc f{x)g{x)dx, 1 


denotes the function that is identically equal to 1 on R and /r G R. 
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Proof of Lemma 3.4 Firstly, from the above discussion, that the evolution of u defines a Feller 
process and the arguments from which it may be concluded that, for a given initial condition, the 
distributions of converge to a unique law, it follows that lim^^+oolE[u(t,x)] is well defined. 

If this limit is equal to 0 for all x £ R, then the stationary distribution is u = 0 with probability 1. 
With = — log and , Ito’s formula gives: 


dt - edtCx 


(25) 


Here Cx denotes the derivative of C with respect to the x variable. Under the assumption that 
E[u(t, x)] —)• 0 for each x G R, it follows that, asymptotically, satisfies: 

dt - edtCx. (26) 

Furthermore, the evolution of defines a strongly ergodic Feller process whose stationary distribu¬ 
tion satisfies the second equation of (26). By ergodicity, the stationary distribution will be spatially 
invariant. 

Let 'H(t, 0) = E , where (f) £ S defined by (27): 


5 = 


i\(i>xix)\ + \(f)ix)\)dx <+ 00 , 3x* : 4>{x* + y) = 4>{x* - y) Vy G r| (27) 


and {(j), 'Ip) = (p(x)ip(x)dx. This is the space of functions over which it is straightforward to 
compute the limit of the log Laplace functional as t —)■ -|-oo. This will be sufficient to characterise the 
limiting distribution and therefore the result is true for all cp ■ \^x{x)\ -|- \(p{x)\dx < -|-oo. 

An application of Ito’s formula gives: 


d Hi 

—n{t,(p) = ^{(pxx,'K 

+ — {(px,^ 




'>x{t) ) - 7((/>a;,E 


MMt)) 


wit) 


-(P,E 


e(^’^d)}u{t)'wit) 




witf 'j-^n{t,p) / / p{x)p{y)T''{x - y)dydx 


where F" denotes the second derivative of F. The functional equation may be written 


d (* d (* d 

—Hit,p) = fpxxix)-g^'Hit,p)dx - 'j J pxix)-g^'Hit,p)dx - (^p, 


P'PMt))u{t)'wit) 


5^ , e 


nit, p)dx - y^(L ‘^) y y '^(^)'^(y)r"(a: - y)dydx. 

where denotes the functional derivative with respect to 5(x), which is defined as: 

^ u.\ V T-Lit,pn e5ix))-nit,p) 

i, p) = hin-; 

ooyx) e -:-0 e 

(5(x) is the dirac delta function with unit mass at point x G R. Let nip) = limt^+oo 'H(t, p). It follows 
that n satisfies: 
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( 28 ) 



ds(x)‘^ ) j / 

</>)// (l>{x)(l>{y)^''{x - y)dydx. 


K d 
2'Ux 


Let C = log'H, then it is straightforward from (28), by firstly integration by parts so that the spatial 
derivatives are taken with respect to (j), that: 


j <p{x) 


K 92 / dC(ip) \ 
2 9x2 ^ d&{x) j 


K d 
2 'Ux 


dCM Y _ Kd f CM 
dS{x) ) 2 m \ M{x^ 

= yI f ^(x)(/>(y)^"(x - y)dydx. 


, 9 / dc^\ 

d 5 {x) J 


dx 


(29) 


Set 


C 


o{4>) ^ J J 4>{x)(p{y)'^{x - y)dydx 


then Cq is a solution to (29). This is seen as follows: direct computation gives: 


dC^{4>) 

d5{x) 


J 4>{yW{x - y)dy 


and 


d5{xY 



It follows that 


f / ^ - y)dxdy 


and 



For the remaining terms: 



( dCo{ct>) \ 

V dKx) ) 


dx = 0. 



dx = 


Since r{x — y) = T{y — x), it follows that: 


(j){x)(j){y)ct){z) — {r{x - y)r{x - z))dydzdx 


(j){x)(j){y)T' {x — y)dydx 


Now set 


(f){x)(l)' {y)T{x — y)dydx 


(j)'{x)(j){y)T{x — y)dydx = 0 


I = 


<p' {x)4>{y)4>{z)T {x — y)T{x — z)dydzdx 


Since (j) is symmetric around a point x* (i.e. (p{x* + x) = (/>(x* — x) for all x € M), it follows directly, 
using 
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/ = 


+ x)4>{x* + y)(f){x* + z)r{x — y)T{x — z)dydzdx 


together with (p'{x* + x) = —4>'{x* — x) that 


I =-1 = 0. 


Therefore Cq is a solution. 


Now consider solutions of the form: £ defined such that C{(p) = £o(</’) Then £(</>) satisfies: 


f { 


— 

2 a? 


fdsw) 

[astxjJ 


K 

2 dx 


r, dCo{<j>) 
d5{x) 


+ 


dS{x) 


wtxj ) ) 


_ d^S{ 4 >) \ , d_ ( de{<t>) \ 1 u Q 

2 dx \ ^ I dx \ d5{x) J j ax —U. 

Let r(/)(x) := fr(x — y)4>{y)dy, then (30) may be rewritten as: 


(30) 


/<^(x) 


K d^ ( dS{4>) \ 
2 dx-^ 9(5 (x) j 



(31) 


Since 0 £ 5 (and is therefore symmetric around some point x*), it follows that and are 

symmetric around the same point and therefore (31) reduces to: 




dx = 0. 


Now, a general expression for £{4') is: 


OO « « 

£(0) = Eo + X] / • • • / En{xi, . . . ,x„)(()(xi) . . . 4>{Xn)dxi . . . dXn, 
n=l 

from which (using exchangeability of the variables in £'„(xi,..., x„)): 




Xn)A£„(xi,... ,x„)dxi... x„. 


where A = + ... + is the Laplacian in 


d^ w 


L Let 


Cn{(l>) = ~ J ■ ■ ■ J En{xi, . . . ,x„)(/)(xi) . . . (j){Xn)dxi . . . dx„. 

Since this holds for all </> £ 5, it follows that for all a £ M, Q:”C'n('^) = 0, from which it follows 
that Cn{4>) = 0 for each each n, A£„ = 0. Using U„(xi,..., Xn) = En{z + xi ,..., z + Xn) for all z £ M, 
(xi,..., Xn) £ K”, it follows that En{xi ,..., Xn) = Eni a constant. 

From this, it follows that £{(j)) = £((<(>, 1)) for some function F, where (</>,!) := f^^(l){x)dx. 
Hence it follows that any solution satisfies: 
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(j){x)(j){y)r{x — y)dydx F : M —)■ M. 


Since £ is a log-Laplace functional, it is convex; for all A G (0,1) and all 4>,'ip G S, C{X4> + (1 — X)'ip) < 
XC{4>) + (1 - X)C{il)). G S, then (l)n,il^n defined by (/)„(x) = (|) and 'ipn{x) = (|) G S. 

Since F 1) = £ {{4>i 1)) for all n > 1 and (clearly) limn_,.+oo f f (/)n(x)(/>n(y)r(x — y)dydx q 

(similarly for 'ipn and A(^„ + (1 — X)'il>n), h follows that F is convex. 

From the form of the Laplace functional, it follows that for w distributed according to the stationary 
distribution, w{x) = w+w where w has log Laplace functional F{{w, <p)). It follows that 5; is a random 
variable (i.e. does not depend on x). 

Now, from strong ergodicity of w (which may be established using the same machinery as strong 
ergodicity of u), it follows, since tc is a random variable (which does not depend on x) that F{{(p, 1))) = 
1) for some constant /r G M. The lemma has now been proved. □ 

Lemma 3.5. Let u satisfy (20) with initial condition (24). Suppose that the stationary distribution 
fj,]sr,'r satisfies lima,^+(X)E^^^[tt(x)] = 0, where u has distribution yN,'y Let w = —-^\ogu{t,x) and, 
forfiGS, let C{(p) = limz^+oo i^^m^+oo'^ogE [exp {{w{t),4>{. + z)}]) then 

C{(p) = ^ j J fi{x)fi{y)T{x-y)dydx 

where y gE. 

Proof The proof is the same as that for Lemma 3.4; the only issue is to establish that F{{4>, 1)) = 
p,{(p, 1) for some y gE. In Lemma 3.4, this followed directly from the fact that the evolution defined 
a Feller process which, following standard results, was strongly ergodic. 

The same arguments apply here; hm^_>._|_oo £(i^(. + z)) defines the invariant measure of a Feller 
process with transition semigroup defined by Vf{w, A) = lima^+oo Vtiwi- + a), A o 9a) 9a denotes the 
shift operator, 9af{-) = /(a+.) for functions /, where Vt is the transition semigroup of the pair (u, w). 
The same arguments as Lemma 3.4 now give the result. □ 

The following result is a corollary of Lemma 3.4. 

Corollary 3.6. Let u satisfy (20) with 7 = 0 and initial condition uq given by 24, with N > 0. Then 
hmt_j._|_oo E[u{t, x)] > 0 for each x G M. 


Proof Let v = — log u, then v satisfies: 


dtv = ( -Vxx - 2 ^ -1 + U + ~ 


Lemma 3.4 gives directly that: 


lim E [w{t, x)w{t, y)] = y -F(x — y). 

t^+00 K 
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Let V{t,x) = E[ 7 ;(t,x)]. Then, under the assumption that E[u(t, x)] = 0 for each x G M, it 

follows that: 


ii„, = 

t^+oo dt 2 


It follows that —V{t,x) = E[logM(t, x)] -)-oo and since, by Jensen, E[log tt(t, x)] < logE[u(t, x)], 

this contradicts the fact that E[tt(t, x)] q. Corollary 3.6 is proved. □ 


Corollary 3.7. Let u solve (19). Let a* be defined in Definition 2.4- Then, u has a unique 
invariant measure which is independently of the value of N in the initial condition and satisfies 
limt_^+oo E[u(t, x)] = a* for each x G M. Furthermore, a* > 0. 


Proof This follows from Corollary 3.6 together with Lemma 3.3. 
Lemma 3.8. For each a G (0,a*), 


0 < lim inf ■ 
t —^-)-oo 


(a) 


< lim sup 

t —^~ 1“00 




< 




+ 


N 


N > 
N < 


□ 


(32) 


Proof of Lemma 3.8 The lower bound is a direct consequence of Corollary 3.7. For the upper 
bound, defined by Lf^°^{t,x) = E[ri(t, x + satisfies: 


- E[rr2](t,5(“)(t) + .). 


Exactly the same arguments as those for Lemma 2.7 give the a-priori upper bounds on 
the upper bound is obtained by ignoring the nonlinear term, in this case K[u'^]{t, g^°‘\t) + x). 
-y(“) = limsupj_^_,_oo (32) follows and Lemma 3.8 is proved. 


since 

Let 

□ 


Lemma 3.9. Let u satisfy (19) with g^^"^ and a* from Definition 3.1. 


Then, for any a G (0, a*), 


lim sup 

t —^~hCXD 


g^ 

t 


= lim inf 
t —^“|~00 


t 



for a constant 7 ^“^ > 0 . 


Proof For fixed N > 0, consider the family of equations indexed by 7 : 

j dt -|- eu^'^'>dC 

\ «(0,.) = l(_^,_^i„gi](x) + ie-^n(^i„gi^+^)(x) 

This defines a Feller process and, by similar arguments as before, the laws of u^'^\t,.) converge to a 
stationary distribution iJ.N,'y Let e.y = E^^^[rt(0)]; the expected value of tt(0) under the law fJ.N,'y 
Then, since u^'^'^{t ,.) = yt J- .), it follows that e.y is decreasing in 7 . A gentle modification of the 
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proof of Lemma 3.8 gives that, for any a G ( 0 , a*) (open interval), e.y = 0 for 7 > limsupj_j.^oo 
Furthermore, eo = a*. 

There is a unique 7 : e.y- > a > e.y+. Denote this by 7^“). Otherwise, if there is an interval 
(7_,7_i_) such that ep = a for all j3 G (7_,7_|_), this implies that for such / 3 , Equation ( 33 ), with -y = P, 
has a spatially invariant stationary distribution satisfying E[u( 0 )] = a < a* which is a contradiction. 
It therefore follows, almost directly from the definition, that lim4_>.+oo since clearly for 

any e > 0, 7*^“) — e < lim inft^+oo < lim supi^_,_oo ^-7^ < + £• 

Lemma 3.10. Let 7*-“^ = limi_>.+oo Then, for any given N , 7^“^ = 7^^^ = 7 for allO < a < b < a*. 


Proof Assume not, then 7^“^ > 7^^^. Let c G {a,b) and consider (33) with 7 = Then 

lim 3 ;^+oo ^limt_^+oo ^ hence has stationary distribution with expected value 

a*, contradicting the fact that its expectation is less than b < a*. □ 


From now on, let 7 = 7 ^“^ for all a G (0, a*). Note that this value depends on N; when it is necessary 
to make the dependence explicit, yw will be used. 

Lemma 3.11. Consider Equaation (20) with initial condition (24) (which depends on N). For each 
a G (0, a*), limj^_|_oo 5*-“^ = 7, in the sense that the distributions of u{t,g^°'\t) + .) converge to 
a stationary distribution HN,a such that E^jy^[u(0 )] = a and yiN,a is an invariant measure for the 
evolution defined by: 

dtu = {^Uxx + jUx + u-u‘^'^ dt + eudtC- 

Proof Let pN,a{t) denote the laws of u{t,g^°‘'> {t) + .). By compactness, there is a convergent subse¬ 
quence {fJ-N,a{tn))n>i and a limit point pN,a- Consider a subsequence such that lim„_>._|_oo(tn-i-i — tn) = 
-|-oo. Such a subsequence may be extracted without loss of generality. Let 7 ( 71 ) = 

Then the evolution on the time interval {tn,tn+i] given by: 

dtu = (^'^Uxx + l{n)ux + u-u^'^dt + eudtC 

gives precisely u{tn, g^°'\tn) + ■) at the time point for each n. Since (by contraction) 7 ( 71 ) —)> 7 , it 
follows that, in the limit, the evolution is given by: 


dtu = (^'^Uxx + 'JUx + u- u^'^ dt + eudtC 

and that the measure fJ,N,a is an invariant measure for this evolution, with expected value E^^ ^ 

a. 

Lemma 3 . 12 . • 


log - < —E 
a 


logu{t,g^^'>{t))] VaG(0,a*) 


[u(0)] = 

□ 

(34) 


lim supF (—log u{t,g^°‘\t)) > m'] = 0 VaG(0,a*) (35) 

M-^ + 00 V / 
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Proof For the first part, Jensen’s inequality gives: 


-E[log'u(t,5(“)(t))] > -logE[n(t,5(“)(t))] =logi. 

For the second part, let fia,N denote the limiting distribution of + .). Let uq be a function 

chosen according to the distribution fj,a,N and let 7 = limj^+oo Then, for each t > 0, .) 

also has distribution iia,N, where 7 = limi^+oo 9 (t). 

Note that the solution may be written; 


x) = E 


Mo(^o,t)exp 


Here 



dsC{s,Xs,t) 



Xs,t{x) = x + {Bt - Bs) + 7(t - s) 

where H is a Wiener process, independent of C and uq, with diffusion coefficient k. and the path integral 
is standard: fg dsC(s, Xg^t) = linij^ggj^^Q X](Csi+i “ This is a basic Kacs representation. 

Now, fg dsCs(Xs^t) is a centred Gaussian random variable with variance while E[tti'^i(s, < 

a* < 1 and E[ni'>'i^(s, < a* < 1. It therefore follows that if u^'^^(t,0) = 0, then uq = 0, 

contradicting the fact that E[tto(0)] = a (where, of course, ( is independent of uq). 

This is established as follows: mo( 0) is the limit of random variables u{t, g^°‘\t)) satisfying 

E[n(t, 5 (“)(f))]=a E[n 2 (Lff(“)(t))]<a. 

The uniform bound in gives that the sequence is uniformly integrable. It follows that if uq = 0, 
then u{t, (t)) converges in norm to 0, contradicting the fact that E[n(f, g^°‘'^ (f))] = a for all f > 0. 
The result follows. □ 

Proof of Theorem 3.2 Let = u{t,g^°'\t) + .). Let v = — logtt and w = Vx- By Ito’s 

formula, 

' = Uut] + g(^\t)u^x^ + dt + ed^^^dtC 

< - f + gi<^)wi<^) - 1 + + ^F(O)) dt - edtC (36) 

dtwi"^ = (f 5li“i - f (51(“))2 + g(-^wx - dt - edtCx 

Let 7 = 7 *-“^ of Lemma 3.9 and recall that 7 ^“^ are equal for all a G (0,a*) by Lemma 3.10 (they do 
not depend on a, but they do depend on N). From Lemma 3.11 and Equation (35), it follows from 
the equation for that limt_,.+oo = 0 in probability and hence, taking hmi_j.+oo 7 fg for each 

term in the second of (36) together with strong ergodicity gives; 

2 

0 = + ^^m,a[w{x)] - 1 + E^J^ Jn(a:)] + yr(0) 
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where fiN,a is the stationary distibution defined in Lemma 3.11, u ~ and w = —^ logu. Taking 
X —>■ + 00 , it follows from Lemma 3.5 that 

= /^^ + ^r(o) 

X r + OO 

and that hm 3 ;_).+oo]E^jva['“^(®)]a; = iinia;->-+oo IEmat a [^(®)] = 0 - From this, it follows that: 

0 = —— (-\ -r(0)^ + 7 /x — 1 + —r(o) ^ f/ -H— = 0. (37) 

z \ hi j z hi hi 


The case N > y ^ From this, it follows directly that 7 > \/^ (otherwise the equation has no 
solution for any /r £ M). Equation (32) gives that if > - 1 / 7 , then 7 < \/^, so that: 


N > y — ^ 7 = ^/^ =► /r = y ~- 


The case N < y^ Firstly, from Lemma 3.8, together with the fact that 7 = limt^_|_oo gives 
that 


kN 1 

- 2 iV 

Secondly, /x = lima;_j.+oo (limt_)._|_oo E[r(;(t, x)]) < N and, from (37), 

Kll 1 

7 = ^ + -• 

2 /i 


Since /(^u) = -^ + 7 is a decreasing function in for /x £ 


0, with /(O) = + 00 , it follows that 


in the range N < \ ^ = N. The result follows. 


□ 


3.1 Correspondence between Correlated Noise and Standard Wiener Noise 

Let u solve (19) and let u* solve the same equation with initial condition xx*(0,.) = 1. Let u = 
Then an application of Ito’s formula gives: 

j Ut = ^Uxx + K(log U*)xUx + XX*XX(1 - U) 

\ u{0,x) = l(_oo,-ilog2] +e-'^"l(-ilog2,+oo) 

The foregoing shows that for e > 0, E[u*(f,x)] < 1 for f > 0, which should slow down the speed of 
the travelling front. The slow-down corresponding to the fact that xx* < 1 is compensated by the 
additional drift term. 
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4 Conclusion 


The way that the perturbation eudW affects the speed of the travelling front for the KPP equation 
is already known from the work of 0ksendal, Vage and Zhao [10], although this article presents a 
different proof which presents sharper results and is hopefully more transparent. 

The main aim of the paper is to compare the effect of the perturbation eudW with eudC,, where W 
is a standard Wiener process (no spatial dependence), while the spatial covariance of C, is integrable. 

The main result is that the spatial variation in the noise introduces a drift which compensates the 
slow-down that results from introducing noise, so that in this situation, the speed of the travelling 
front remains the same. 

This observation raises a number of interesting questions, when these results are compared with 
those of Mueller et. ah, where noise of the form results in a markedly greater slow-down of the 

travelling front. A coherent and unified picture of how noise affects the speed of the travelling front 
is an open problem. 
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